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Abstract. Using the notion of (dual) Harish-Chandra pairs we give 
- - - a method of constructing algebraic supergroups G over a PID, say k. 

^' , This gives an alternative construction of the Chevalley supergroups due 

to Fioresi and Gavarini [3, and Gavarini [SJ \TÜ\. Suppose that the 

algebraic group Geu associated with G is connected and reductive, and 

includes a split maximal torus, say T. Then we prove that given a k- 

^>' projective k-supermodule M, the G-supermodule structures on M and 

the locally finite hy(G)-T-supermodule structures on M are in one-to- 
one correspondence. 
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c^ • 1. Introduction 



In this paper we study algebraic supergroups over a commutative ring, 
say k, by Hopf algebraic methods. In main parts we will suppose that k is 

cp , a PID or principal ideal domain. Let us suppose so in what follows of this 

Introduction except in the last paragraph which describes the construction 

^T) • of this paper. 

VO , Following Jantzen [TT] we call affine groups (resp., algebraic groups) for 

what are formally called afiine group schemes (resp., afïine algebraic group 

■^ . schemes), and use analogous names for their super analogues. An algebraic 

!rr I supergroup over k is thus a representable group-valued functor G defined 

on the category of super-commutative superalgebras over k, such that the 
super-commutative Hopf superalgebra 0{G) representing G is finitely gen- 
_ erated; see [H Chap. 11], for example. To such a G, two objects, hy(G), Gev, 

r> ■ are associated. Here, hy(G) is a super-cocommutative Hopf superalgebra, 

C^ ! called the hyper-superalgebra of G, while Gev is an algebraic group, which 

is obtained by restricting G to the category of commutative algebras; those 
algebras are regarded as super-commutative superalgebras which consist of 
even clements only. The hyper-superalgebra hy(G) plays an important role 
just as the Lie superalgebra Lie(G) plays when k is a field of characteristic 
zero; indeed, in that case, hy(G) equals the universal enveloping algebra 
C/(Lie(G)) of Lie(G). 

Generalizing the classical construction of Chevalley groups, Fioresi and 
Gavarini [^ and Gavarini [9l [TÜ] constructed an important class of algebraic 
supergroups over Z, called Chevalley supergroups, and studied their basic 
properties. To be parallel with the classical construction, they start with 
a complex Lie superalgebra g of classical or Cartan type, and its faithful 
rational representation on a finite-dimensional complex super-vector space 

1 
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53, then construct Z-forms Kz{q) of U{q), and QJ^ of 5J, and finally realize a 
desired algebraic supergroup &z in GL(53z). We will construct a wider class 
of algebraic supergroups by an alternative and hopefully more systematic 
niethod. For this we will generalize some constructions and results that were 
obtained by the first-named author [16] when k is a field, to our situation 
that k is a PID. Our method is to construct algebraic supergroups from 
what are called Harish-Chanda pairs, and the idea is, roughly speaking, to 
reconstruct an algebraic supergroup G from the associated hy(G) and Ge,;; 
see Section [631 

A dual Harish-Chandra pair is a pair ( J, V) of a cocommutative Hopf al- 
gebra J and a right J-module V, given a structure map [,] : V xV ^ P{J) 
with values in the Lie algebra P{J) of primitives in J; see Definition l4.1l To 
such a pair we associate a super-cocommutative Hopf superalgebra H( J, V). 
The pair ( J, V) is said to be admissible if H( J, V) has some splitting prop- 
erty; see Definition 14.41 One sees from |T6] that every dual Harish-Chandra 
pair is admissible if k is a field of characteristic ^ 2. Assume that ( J, V) is 
admissible, and F is a finitely generated free k-module. Let G be an alge- 
braic group such that hy(G) = J, 0{G) is k-free, and the base change Gq(15) 
of G to the quotiënt field Q(k) of k is connected. Assume in addition that the 
right J-module structure on V arises (necessarily, uniquely) from a right G- 
module structure. Then our first main result, Theorem l7.4[ states that there 
exists uniquely (up to isomorphism) an algebraic supergroup G with some 
splitting property, such that Gev = G, hy(G) = H(J, F). The Chevalley 
supergroups are realized as such G, when G is a connected reductive alge- 
braic group with a split maximal torus, say T; see Section [9. 11 Suppose that 
G is such as obtained by the result with G just as above. Then our second 
main result, Theorem l8.4[ states that given a k-projective k-supermodule M, 
there is a natural bijection between the set of all G-supermodule structures 
on M and the set of all locally finite hy(G)-T-supermodule structures on M. 
This generalizes the results which were proved by Brundan and Kleshchev 
[2], by Brundan and Kujawa [3] and by Shu and Wang [19] for some special 
algebraic supergroups over a field. The result of ours is in fact a direct con- 
sequence of Theorem l7.6[ which proves a bijective correspondence similar to 
the result, but without assuming that G is restricted as above; the theorem 
in turn depends on a Hopf algebraic characterization of 0{G) in the dual 
Hopf superalgebra hy(G)° of hy(G), such as shown in Proposition 17.31 (2). 

The construction of this paper is as follows. Section 2 gives some pre- 
liminaries on super-objects. Section 3 discusses splitting properties first for 
super-cocommutative Hopf superalgebras, and then for super-commutative 
ones. Section 4 discusses dual Harish-Chandra pairs, giving the construction 
of H(J, V). Proposition 14.51 gives some sufficiënt conditions for a pair (J, V) 
to be admissible. In Sections 5-7, k is supposed to be a PID. Section 5 
gives some basic results on Hopf (super)algebras over a PID. Section 6 gives 
our main construction of algebraic supergroups, which is dual to the con- 
struction of H( J, V) in Section 4. Section 7 discusses hyper-superalgebras, 
and proves the first main result. The resulting algebraic supergroups G with 
the additional property that Gev are split and connected reductive algebraic 
groups are discussed in Section 8; the second main result is obtained in the 
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section. In the final Section 9, we show that the Chevalley supergroups due 
to Fioresi and Gavarini are reahzed by our construction. It is also shown 
that every algebraic supergroup G over Q with spht and connected reduc- 
tive Gey has a Z-form with desirable properties; the Chevahey supergroups 
are such Z-forms. 

2. Preliminaries 

2.1. We work over a fixed commutative ring k. This will be supposed to be 
a PID or principal ideal domain in Sections 5-7. Algebras, Hopf algebras, 
etc. are those over k. The unadorned (S" is the tensor product over k. We 
let Hom denote the k-module of k-linear maps. 

Let T^ be a k-module. We say that V is finite, if it is finitely generaled. 
Any object with a underlying k-module structure is said to be h-finite, k- 
flat, h-projective or k-free if the underlying k-module has the property. We 
let V* = Hom (F, k) denote the dual k-module of V. 

2.2. A k-supermodule is a k-module V which is graded by the finite group 
Z2 = {0, 1} of order 2, so as ^ = Vb © Vi. The component Vi or its element 
is said to be even (resp., odd) if i = O (resp., i = 1). The k-module V* is a 
k-supermodule with even and odd components V^*, Vi- The k-supermodules 
and the Z2-graded linear maps form a category SMod-k. It is a symmetrie 
tensor category with respect to the obvious tensor product ®, the unit k 
and the super-symmetry cv,w '■ V 0W ^^ W i^V. This last is defined by 

I —w ^ V ii V, w are odd, 
cv,w{v ^w) = < 

I w (ï^v otherwise, 

where v €V, w €W are homogeneous elements. 

Ordinary objects, such as Hopf algebras, defined in the symmetrie tensor 
category of k-modules are generalized by super-objects, such as Hopf super- 
algebras, defined in SMod-k. A Lie superalgebra is thus a k-supermodule g, 
given a Z2-graded linear map [ , ] : (81 — > 5, called a super-bracket, which 
satisfies 

[, ]° (idg®0 + Cg,g) =0, [,[,]] O (idg^g^g + Cg,gCg,g + CgCg,g,g) = 0. 

A super (-co) algebra, say R, is precisely a Z2-graded (co)algebra. It is 
said to be super- commutative (resp., super- cocommutative) if the product 
(resp., coproduct) is invariant, composed with ch^r. An R-supermodule 
(resp., R- super- comodule) is a k-supermodule M given an i?-module (resp., 
iï-comodule) structure R®M ^ M (resp., M ^ M®R) that is Z2-graded. 

A super-object A, or an object with a underlying k-supermodule struc- 
ture, is said to be purely even (resp., purely odd), if ^ = ^o (resp., A = Ai). 
Ordinary objects are regarded as purely even super-objects. 

2.3. The structure on a coalgebra C is denoted by A : C — >■ C (8> C, e : 
C ^k. For the coproduct we use the sigma notation \1Q\ Section 1.2] 

The augmentation (super-)ideal of a Hopf (super)algebra A is denoted by 
A'^ = Kere. The antipode is denoted by S. 
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A Hopf (super) algebra is said to be affine, if it is (super-)commutative 
and finitely generated. 

2.4. Let N = {0,1,2,...}. An N-graded algebra and coalgebra R = 
^^0 ^i'iT') is called an N-graded Hopf superalgebra, if it is a Hopf superal- 
gebra, supposing Rq = 0„ ^^^^ R{n), Ri = 0„ „^^ R{n). 

Given a k-module V, the tensor algebra T{V) = 0^=o^"(^) °^ ^ 
uniquely turns into an N-graded Hopf superalgebra in which eacli element 
u in y is primitive, that is, A{v) = l(g)'L' + u(g)l. Note that this is super- 
cocommutative. In T{V), the elements v'^, where v ^ V, are primitives of 
degree 2, and hence generate a homogeneous Hopf super-ideal. The corre- 
sponding quotiënt N-graded Hopf superalgebra is the exterior algebra A{V) 
on V. 

2.5. Let H, A be Hopf superalgebras. A Hopf pairing is a bilinear map 
{, ) : H X A ^ k such that 

{xy,a) = ^(a;,a(i)) (y,a(2)), 
{x,ab) = ^(x(i),a) (x(2),6), 
{l,a)=e{a), {x,l) = e{x), 

where x,y (^ H, a,b £ A. When H, A are N-graded, the Hopf pairings we 
will treat with are all N -homogeneous in the sense that {H{n),A{m)) = O 
unless n = m. 

2.6. Let T^ be a k-module. Then we have N-graded Hopf superalgebras, 
/\{V), A{V*). Assume that V is finite free. Since A(y) is then k-finite free, 
A{V)* is naturally an algebra and coalgebra dual to A{V). Moreover, A{V)* 
is an N-graded Hopf superalgebra with the n-th component A"(y)*. We 
have an N-homogeneous Hopf pairing ( , ) : A{V) x A(y*) — )• k given by 

{vi A--- Avn, wiA--- Awn) = ^ sgna{vi,w^(^i)) ... (-l'„,'uj^(„)), 

where Vi £ V, Wi £ V*, n > O, and {vi,Wj) denotes the canonical pairing. 
Since this is non-degenerate, the map A{V*) — )■ A{V)* defined by a i-)- (x i— )• 
{x, a)) gives an isomorphism of N-graded Hopf superalgebras, through which 
we will identify A{V*) with A{V)* . 

2.7. Let J be a cocommutative Hopf algebra. Then the right J-supermodules 
form a tensor category SMod-J, where the tensor product M ^ N ïs given 
the diagonal J-action through the coproduct A, and the unit object is k 
given the trivial J-action through the counit e. This is symmetrie with re- 
spect to the super-symmetry. Given an algebra object R in SMod-J, the 
smash product [2Ö1 Section 7.2] constructs a superalgebra JxR on the k- 
supermodule J0 R with components J 'S) Ri, i = 0,1. If i? is a Hopf algebra 
object, then JtxR, given the coalgebra structure of the tensor product of 
J and R, is a Hopf superalgebra. If in addition, R is an N-graded Hopf 
superalgebra, regarded as a Hopf superalgebra in SMod-k, and if each com- 
ponent R{n) is J-stable, then Jxü is an N-graded Hopf superalgebra with 
the n-th component J êD R{n). See [El Section 3.2]. 
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To dualize the argument above, let C be a coniniutative Hopf algebra. 
Then the right C-super-comodules form a symmetrie tensor category SCom- 
C. Given a Hopf algebra object R in SCom-C, then the smash-coproduct 
construction makes the tensor-product algebra C ®R into a Hopf superalge- 
bra CxR. If R is N-graded, seen in SMod-k, and if each component R{n) 
is C-costable, then CxR is N-graded, too. See |T6l Section 4.1]. 

2.8. An affine (super)group is a representable group-valued functor G de- 
fined on the category of (super-)commutative (super) algebras. It is uniquely 
represented by a (super-)commutative Hopf (super) algebra, which we denote 
by 0{G). An afhne (super)group G is called an algebraic (super)group, if 
0{G) is finitely generated. To denote afïine or algebraic supergroups, we 
will use bold-faced letters. 

The commutative algebras form a full subcategory of the category of 
super-commutative superalgebras. An afïine supergroup G restricts to a 
group-valued functor defined on the category of commutative algebras. This 
is denoted by Ge„, and will be seen to be an affine group; see Remark 13.81 
(We remark that Gev is denoted alternatively by Gres in [E]) [T7].) 

Let G be an affine supergroup. A left (or right) G-supermodule is a k- 
supermodule M given an (anti-)homomorphism G -^ GL(M) to the general 
linear supergroup on M. Such (anti-)homomorphisms are naturally in one- 
to-one correspondence with right (or left) 0(G)-super-comodule structures 
on M. 



3. Splitting properties 
In this section the base ring k is arbitrary. 

3.1. Let H be a Hopf superalgebra. Let 

P(H) = {ue'H\Au = l(g)u + u^l} 

denote the k-super-submodule of H consisting of all primitives in H. This 
forms a Lie superalgebra with respect to the super-bracket 

\ uv + vu, if u, V are odd, 
[nu — vu, otherwise, 

where u, v are homogeneous elements in -P(H). 

3.2. Let H be as above, and let K C H be a k-super-submodule. Assume 
that K is a k-direct summand of H, that is, the inclusion K ^t- H splits 
k- linear ly. Then for every n > O, K*^" is a k-direct summand of H®". We 
call K a super- subcoalgebra of H, if A(K) C K (g) K; such a K is called 
a Hopf super- subalgebra of H, if in addition, K is a subalgebra of H, and 
is stable under the antipode. In this case, K is a super-coalgebra or Hopf 
superalgebra. The image of a Hopf superalgebra map from an arbitrary 
Hopf superalgebra to H is a Hopf super-subalgebra of H provided it is a 
k-direct summand of H. 
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3.3. Let H be a super-cocommutative Hopf superalgebra. We set 

(3.1) H = A-i(Ho®Ho), Vn = P{il)^. 

Thus, H is a pull-back of Hq ® Hq along the coproduct A : H — )■ H^H, and 
coincides with A"^(Ho (8) H), and witli A~-'^(H (g) Hq), while Vu is the odd 
component in -P(H). As is easily seen, H is a purely even super-subalgebra 
of H, which is stable under the antipode, and every super-coalgebra map 
from an arbitrary coalgebra to H takes values in H . 

Lemma 3.1. Vu is a right 'H-module under the right adjoint action 

(3.2) ti<] a := ^^5(0(1) )f 0(2), f EVhiOSH. 

Proof. For each n > O, let A„ : H — > H'^("+^) denote the n-iterated 
coproduct. Then, A„(H) C H®" 'S) Hq, which together with the super- 

cocommutativity shows A„(H) C Hq . The result for n = 3 shows 

V <a £ Vu. The assertion now follows easily. D 

Definition 3.2. H is said to be co-split, if there exist a Hopf algebra J, a 
Hopf superalgebra map i : J — )• H, a k-free, purely odd k-supermodule V, 
and a left J-linear super-coalgebra isomorphism 

0: J® A(F) ^H, 

where H is regarded as a left J-module through i. 

Remark 3.3. (1) Such an isomorphism cj) : J ® A(y) ^^ H as above, if it 
exists, can be re-chosen so as to be unit-preserving. 

(2) The condition posed by the definition above is equivalent to the one 
with the sides switched, that is, the condition which requires such J, i, V as 
above, and a right J-linear super-coalgebra isomorphism f\(y) ® J ^—^ H. 

Proof. (1) Define super-coalgebra maps 7 : H ^ J, (^ : H — ;• /\{V) to 
be the composites of 4'~^ with id(8)e : J ® /\{V) — > J, and with e (g) id : 
J <S> A(F) -^ A{V), respectively. Then, 4>"'^{h) = E7(%)) (^ '^(^(2)) for 
every /i G H. Since (5(1) is a grouplike in /\{V), it must be 1. Note that 7(1) 
is invertible with 7(1)"^ = 50 7(1). Then, h 1-^ Z]7(^(i))7(l)~"^ ® <^(^(2)) 
gives a bijection H -^^ J ® A(y), whose inverse is a desired isomorphism. 
(2) Suppose that either of the conditions is satisfied. Then i is necessarily 
injective, so that J is cocommutative. By (1) and its opposite-sided version, 
an isomorphism may be supposed to be unit-preserving; it then restricts to 
i. Apply to the isomorphism, the antipode of H, which is a super-coalgebra 
and anti-superalgebra automorphism, and restricts to the antipode of J. 
Then the opposite-sided condition follows. D 

Lemma 3.4. A super-cocommutative Hopf superalgebra H is co-split if and 
only if 

(i) H is a k-direct summand of H, and is a purely even Hopf super- 
subalgebra of H, which is necessarily cocommutative, 
(ii) Vh is k-free, and 
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(iii) there exists a unit-preserving, left 'H-linear super- coalgebra isomor- 
phism 

(3.3) H(g)A(yH)^H 
which restricts to the identity map on Vu. 

Proof. 'If.' This is obvious. 

'Only if.' Let J, i, V, (p be as in Defiiiition l3.2l By Remark l3.3l fl). (j) may 
be supposed to be unit-preserving. Since A{V) = k, and so J ® /\{V) = J, it 

follows that i gives an algebra isomorphism J ^^ H. Since P{J A(y)) = 
P{J)®V, and so P{J(g) A{V))i = V, it follows that (p restricts to F ^ Vu- 
One sees now easily that (i)-(iii) hold. D 

Remark 3.5. If k is a field of characteristic ^ 2, every super-cocommutative 
Hopf superalgebra is co-split, as was proved by [151 Theorem 3.6]. 

Let H be a super-cocommutative Hopf superalgebra. We define an as- 
cending chain 

(3.4) Fo(H)cFi(H)cF2(H)c--- 

of k-super-submodules of H, as follows. We let -Fo(H) = H. For each n > O, 
we define -F„(H) to be the kernel of the composite 

(3.5) H ^ u^i^+^) -^ (H/H)®("+i) 

of the n-iterated coproduct A„ on H with the natural projection. 

Proposition 3.6. Assume that H is co-split. 

(1) For each n > O, -F„,(H) is a "k-direct summand and super- subcoalgebra 
ofü, and is stable under the antipode. Moreover, we have H = Un^o ^nCH.), 

n 

(3.6) A(F„(H)) C ^F,(H) ® F„_i(H), 

i=0 

(3.7) F„(H)F^(H)CF„+^(H), n,m gN. 

(2) There is naturally induced on the N-graded k-module 

oo 

Hgr := 0F„(H)/F„_i(H), F_i(H) = O 

n=0 

a structure of a super-cocommutative I^-graded Hopf superalgebra such that 
Hg.(0) = H, P(Hg,)i = ^H C H3,(l). 

(3) By a unique extension of the right ^-module structure on Vh given 
by (j3.2p . A(Vh) turns into a Hopf algebra object in SMod-H, which is an 
f^-graded Hopf superalgebra, seen in SMod-k, and in which each compo- 
nent A"(Vh) is J -stable; it gives rise to an N-graded Hopf superalgebra 
HixA(Vh), cls was seen in Section 2.1. The inclusion maps H M- Hgr, 



Vh '^^ Hgj. uniquely extend to a map 

R^HVH)^ïlgr 

of N-graded Hopf superalgebras, which is in fact an isomorphism. 
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Proof. Choose an isomorphism such as in (j3.3p . and identify H with H 
A{Vu) through it. 

(1) By definition each F„(H) is stable under the antipode. We see that 
the kernel of the composite 

(3.8) A (Vu) ^ A(Vh)®^"+^^ -^ (A(yH)/k)®^"+^^ 

equals 0j<,„ A*(Vh), which is a k-direct summand of A(Vh)- Since ()3.5p is 
the tensor product of (jS.Sp with the spUt Unear injection A„ : H -^ h®("+ )^ 
we have -F„(H) = 0,j<„H (g) A^{Vii), which is a k-direct summand of H. It 
follows that H = U^=~o^n(H)- Let O < i < n. Since Fi_i(H) and F„-i(H) 
are k-direct summands of H, and (|3.5p decomposes as 

H A H H ^ (H/H)®* ® (H/H)®("-^+^\ 
we have 

(3.9) F„(H) = A-i(Fi_i(H) ® H + H Fn-i(H)). 

Note that if we suppose -F_i(H) = O, the last equation still holds for i = 
O, n -|- 1, since the map (|3.5p is two-sided H-coHnear. It follows that i^„(H) 
is a super-subcoalgebra of H. Since we see as proving |20^ Lemma 9.1.5] 
that 

n+l n 

fl (F,_i(H) 0U + U(^Fn-i{U)) = Y, Fi(H) F„_,(H), 

i=0 ï=0 

(j3.9p proves (j3.6p . By (j3.9p . the same argument as proving [18|. 5.2.8 Lemma] 
shows ()3.7p . 

(2) Let F„(H (g) H) = X;r=o ^»(H) «> Fn-ï(H) for n > 0. Since for every 
O < i < n, Fj_i(H) is a k-direct summand of Fj(H), one sees that Fn{il 
H)/F„_i(H(8)H) is canonically isomorphic to ^^^^ügrii) ®ilgr{n — i) . By 
(|3.6p . the coproduct on H induces 



Hgr(n) — ;► ^Hgr(ï) ® Hgr(n-ï), n > 0. 

i=0 

These, amounting to a coproduct, make H^^ into an N-graded Hopf su- 
peralgebra, as is seen by a Standard argument. Note that ügr = H as a 
super-coalgebra. Then one sees that ügr has the properties described above. 
(3) The first assertion is easy to see. l( v £ Vu in ügr, then v'^ is an 
even primitive in iigr{2) = H (g A^(Vh), and must be zero. Therefore, we 
have a map H c< a(Vh) -^ ügj- as described above. This can be regarded, in 
particular, as an N-graded coalgebra endomorphism on ügr which is iden- 
tical in degrees O, 1. We see just as proving [221 Lemma 11.2.4 b)] that the 
endomorphism is the identity map, since for every n > O, the composite 

of A„_i Ih r(n.) with the projection is injective. This proves that H i</\{Vii) —- 
ügr is an isomorphism. D 



Part 1 above justifies us to say that if H is co-split, the sequence (j37 
gives a filtration on H. 
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Proposition 3.7. Assume that H is co-split. Then a unit-preserving, left 
'H-linear super- coalgebra map H (S> A(Vh) — )• H is an isomorphism, if its 
restriction Vu —?■ Vu to the odd primitives is an isomorphism. 

Proof. Let <j) he a map as above, and set ƒ = (j)\vn ■ Vu —-^ Vu- By 
composing with id® A (/~^), we may suppose that ƒ is the identity map 
on Vh- Give the filtrations as in ()3.4p onto H® A(Vh) and H. Being identical 
on Fq, (f) preserves the filtration, whence it induces an N-graded coalgebra 
endomorphism (j)gr on H^^ = H (g) A(Vh), which is identical in degrees O, 1. 
Since (j)gr is the identity map as was seen in the last proof, it follows that (j) 
is an isomorphism. D 

3.4. To dualize the results of the preceding subsection, let A be a super- 
commutative Hopf superalgebra. Let /a = A^ © Ai. This is the left (or 
right) super-ideal of A generated by the odd component Ai, and is indeed 
a (two-sided) Hopf super-ideal. We set 

(3.10) A = A//a, I^^ = Ai/A+Ai, 

where A^J" = Aq PI A+. Li particular, A is a purely even quotiënt Hopf 
superalgebra of A. 

Remark 3.8. Let G be the afïine supergroup represented by A. The group- 
valued functor Gev defined as the restriction of G to the category of com- 
mutative algebras is an afhne group, represented by the commutative Hopf 
algebra A. The cotangent k-supermodule of G at 1 is A+/(A"'")^, and its 
odd component coincides with W^, that is, 

W^ = (A+/(A+)2)i. 

We remark that Gev niay be identified with the purely even, closed super- 
subgroup of G given by i? i— >■ G(i?o) ^or each super-commutative superalge- 
bra R; it is represented by the purely even Hopf superalgebra A. 

Note that if A is afïine, then A is afïine and W^ is k-finite. 

Lemma 3.9. The right co-adjoint coaction 

coad : A — > A (g) A, a i — ;■ >^ a(2) ^ 'S'(a(i) )a(3) , 

where a t-^a denotes the projection A — > A, induces A+/(A+)^ -^ A+/(A+)' 
A, hy which A+/(A"'")^ is a right A.- super- comodule. Hence the odd com- 
ponent W is a right A-comodule. 

Proof. This follows since coad is an algebra map such that (e(8iid)ocoad(a) = 
e(a)l for a G A. D 

Definition 3.10. A is said to be split, if there exist a Hopf algebra C, a 
Hopf superalgebra map p : A — )■ C, a k-free, purely odd k-supermodule W, 
and a left C-colinear superalgebra isomorphism 

lp : A ^ C ® A{W), 
where A is regarded as a left C-comodule along p. 
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Remark 3.11. By dualizing the proof of Remark l3.3t we see the following. 

(1) Such an isomorphism ip : A ^^ C ® A{W) as above, if it exists, can 
be re-chosen so as to be counit-preserving. 

(2) The condition posed by the definition above is equivalent to the con- 
dition with the sides switched. 

We have the natural projections 

A^ Ai/A+Ai = W^, A(^A{W^)^A/A'^(g,A\W^) = W^ 

onto W^. 

Lemma 3.12. A super- commutative Hopf superalgebra A is split if and 
only if W^ is h-free and there exists a counit-preserving, left A-colinear 
superalgebra isomorphism 

(3.11) A^A(g)A(VF^) 

which is compatible with the natural projections onto W^. 

Proof. 'If' is obvious. Let C, p, W, ip be as in Definition l3.10l with ip counit- 
preserving. If we set B = C (g) A{W), then B = C, W^ = W. It follows 
that p, -0 induce A ^^ B = C, W^ -^^ W^ = W, respectively; this proves 
'only if'. D 

Remark 3.13. If k is a field of characteristic ^ 2, every super-commutative 
Hopf superalgebra is split, as was proved by [151 Therem 4.5]. 

Let A be a super-commutative Hopf superalgebra. To the descending 
cliain 

A = /i D 4 D li D ■ ■ ■ 
of super-ideals in A, associated is the super-commutative N-graded algebra 

oo 
n=0 

on which an automorphism is induced by the antipode S of A, since S{I^) = 
I^ for each n > 0. 

Proposition 3.14. Assume that A is split. 

(1) For each n>Q,I\isa "k-direct summand of A. We have fl^o ^A ~ 
O, 



(3.12) A(/l)cV/X0/r\ n>0 



n 
j=0 



ande{11) = ifn>0. 

(2) There is naturally induced on A^^ a structure of a super-commutative 
N-graded Hopf superalgebra such that 

A9^(0) = A, W^'^ = W^ = A9^(l)/A+A9^(l). 

(3) By a unique extension of the right A-comodule structure on W^ given 
in Lemma \3.9l A{W'^) turns into a Hopf algebra object in SCom-A, which is 
an N-graded Hopf superalgebra, seen in SMod-k, and in which each compo- 
nent A"'{W^) is A-costable; it gives rise to an N-graded Hopf superalgebra 
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A^<A(M^ ), as was seen in Section 2.1. There uniquely exists an isomor- 
phism 

ofN-gradedHopfsuperalgebras whose composites with id®e : A^<A{W-^) -^ 
A, e (g) projection : AxA{W^) -^ A^{W-^) = W^ coincide with the pro- 
jections A»'' -^ A5^(0) = A, A^'' -^ AS^(1)/A"^AS^(1) = W^, respecüvely. 

Proof. Choose an isomorphism such as in ()3.1ip , and identify A with A ® 
/\{W^) through it. 

(1) For each n > O, we have /^ = 0j<,„ A C?) A*(VF^), which is a k-direct 
summand. The remaining now follow easily. 

(2) Note that A^"^ = A as superalgebras. By using the fact that P^ is a 
k-direct summand of P^ we see just as in the proof of Proposition 13.61 (2) 
that by (|3.12p . the coproduct on A induces 

n 

A5^^0A3^(i)®A3^(n-i), n>0, 

1=0 

which make A^^ into an N-graded Hopf superalgebra with the properties 
above. 

(3) Since A^"' — > Aö^(O) = A is a Hopf superalgebra projection, it follows 
from Radford's Theorem |18l 10.6.5 Theorem] (in the generahzed super- 
situation) that A^'' is the smash coproduct of A^^/A A^*" = A{W^) by A. 
Here, given the original N-graded algebra structure, A{W^) is a Hopf algebra 
object in SMod-A. Since the projection is N-graded, A{W^) is N-graded as 
a coalgebra, too. It follows that every element of W^ must be primitive in 
A(1^'^). The A-comodule structure on A{W^) coincides with the one given 
at the beginning of Part 3 above, as is seen from the construction of A^'' and 
the definition in Lemma 13.91 This proves the existence of an isomorphism. 

Since AS'^(l) ^^ A (8) W^ via the composite of A|^9rn\ with projection 
onto A ® W^, the projection A^*" — ?• A^''(l) is a unique left A-colinear 
map whose composite with the projection onto A^'"(l)/A A^^(l) = W^ 
coincides with the natural projection A^*" — )■ W . This together with the 
fact that A^^ is generated by A^^(O), A^''(l) proves the uniqueness of the 
isomorphism. D 

Proposition 3.15. Assume that A is affine and split. Then a counit- 
preserving, left A-colinear superalgebra map A ^^ A Cg) A(H^ ) is an iso- 
morphism, if it is compatible with the natural projections onto W ; see 
Lemma [3JE 

Proof. Such a map ?/; : A — > A0 A{W^) as above preserves the super- ideals 
generated by the odd components, and their powers as well. Therefore it 
induces an N-graded algebra endomorphism tp^^ on A^^ = A ® A{W ). 
Since it is left A-colinear, ■0^^(O) is the identity map on A, and ^^'"(l) : 
A (8i W^ — 7- A (8 W^ is isomorphic by the last assumption. Since A^'' is 
generated by AS"'(0), A^'''(l), it follows that ip^^ is an isomorphism. Since 
A^^'{n) = O for n ^ O by the affinity assumption, we see that ^p is an 
isomorphism. D 
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4. DUAL HARISH-ChANDRA pairs and ASSOCIATED 
SUPER-COCOMMUTATIVE HOPF SUPERALGEBRAS 

In this section the base ring k is arbitrary. 

4.1. Let 1 < n G N. A k-module V is said to be n-torsion-free if w i— > nv, 
y — )■ y is injective. If k is an integral domain and if V is k-torsion-free, 
then the condition is equivalent to n 7^ O in k. We wih refer to the condition 
only when n = 2 or 3. 

Let J be a cocommutative Hopf algebra. The Lie algebra P{J) of all 
primitives in J is stable under the right adjoint J-action 

(ada)(6) = >^ S'(a(i))fea(2), a,b ^ J 

on J. Let y be a right J-module. The J-action on V will be denoted by 
V <a, where v &V, a ^ J. 

Definition 4.1 ( \16\ Definition 3.1]). (J, V) is called a dual Harish-Chandra 
pair, if it is equipped, as its structure, with a bilinear map [ , ] : V x V ^■ 
P{J) such that 

(a) X;['"<ia(i),ï;<a(2)] = E 'S'(a(i))[u, w]a(2), 

(b) [u,v] = [v,u\, 

(c) u o [f , f ] =0 
for all n, u € y, a ^ J . 

Remark 4.2. If V is 2-torsion-free, then Condition (c), applied to u + v + w 
and combined with (b), implies 

(d) u<[v,w\+ V <\[w,u\+ w < [u, v] =0, u,v,w G V. 
Conversely, if V is 3-torsion-free, then (d) implies (c). 

4.2. Let y be a k- module. Recall from Section [2.41 that the tensor algebra 
T{V) on y is a super-cocommutative N-graded Hopf superalgebra in which 
every element of V is primitive. 

Let J be a cocommutative Hopf algebra, and suppose that ^ is a right 
J-module. Then T{V) is a right J-module under the diagonal J-action on 
the tensor products T^{V), n > O, and the trivial action 1 < a = e{a)l 
on k = T°{V). Moreover, T{V) is a Hopf algebra object in SMod-J. The 
argument in Section [2.71 shows that the associated smash product 

(4.1) n{J,V):=J:^T{V) 

is an N-graded Hopf superalgebra, which is as a coalgebra the tensor product 
of J and T{V), and whose n-th component is n{J, V){n) = J^T'^iV). This 
is super-cocommutative. 

Suppose that we are given a bilinear map [ , ] : V x V ^ -P(^) with 
which ( J, V) is a dual Harish-Chandra pair. The two-sided ideal of 'H(J, V) 

(4.2) /( J, y) = (1 (g) {uv + vu) - [n, v] 1 I n, v e y) 

generaled by the elements indicated above is a Hopf super-ideal, since each 
1 ® {uv + vu) — [u, v]®l \s an even primitive. We denote the quotiënt Hopf 
superalgebra by 

(4.3) ^{J,V)='H{J,V)/I {.],¥)■ 
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this is super-cocominutative, but is not N-graded unless [u, v] = O for all 
u,v G V. 

4.3. Let ( J, V) be a dual Harish-Chandra pair, and assume tliat V is k-free. 
We further assume 

(Al) k is 2-torsion-free, 
(A2) P{J) is 2-torsion-free, and 

(A3) V has a k-free basis X such that for x a X, the element [x, x] in 
P(J) is 2-divisible. 

Here we say that an element u in P{J) is 2-divisible, if there exists an element 
V G P{J) such that u = 2v. By (A2), such an element v is unique, and will 
be denoted by |n. 

If k is an integral domain, the assumptions (Al), (A2) are satisfied pro- 
vided 2 7^ O in k, and J is k-torsion free. If k is a field of characteristic 7^ 2, 
the assumptions (Al)-(A3) are necessarily satisfied. 

The composite of J — >■ ?^(J, V), a 1— )• a® 1 with the projection 7i{J, V) — ;■ 
H( J, y) gives a canonical algebra map J —^ il{J,V), through which we 
regard H( J, V) as a left (and right) J-module. Given v & V, we write 
simply V for the natural image of 1 ® v in H( J, V) 

Lemma 4.3. The left J-module il{J,V) is free. In fact, if we give a total 
order to X, then the products 

X1X2 . . . x„, Xi £ X, Xi < X2 < • • • < Xn, n > O 

in H( J, V) constitute a J-free basis. 

Proof. This is proved in |161 Lemma 3.11], when k is a field of characteristic 
^ 2. Let us carefully confirm the proof in our generalized situation. Given 
the algebra map from J, H(J, 1/) is a J-ring in the sense of Bergman [U 
p.195]. To apply Bergman's Diamond Lemma [TJ Proposition 7.1] to this 
J-ring, we consider the reduction system consisting of 

(i) xa — ;■ ^ a(i)(a; <l 0(2)), x € X, a S J, 

(ii) xy -^ -yx +[x,y], x,y e X, x > y, 

(iii) x^ — > i[x,x], X G X, 
where we suppose that in (i), x<ia(2) is presented as a k-linear combination 
of elements in X. Note that the element 2[^)^] ™ (iü) i^ ^^ '^^^ mentioned 
above. The desired result will follow from (the opposite-sided version of) [U 
Proposition 7.1], if we see that the ambiguities which may occur when we 
reduce the words 

(iv) xya, x > y in X, a G J, 
(v) xyz, X > y > z in X 

are all resolvable. We need to be careful especially when we use (iii). 

The desired resolvability was shown in the proof of [lb\ Lemma 3.11], 
only when x,y,z are distinct. Since (iii) was not needed then, the proof 
given there is valid in our present situation. To prove the resolvability in 
the remaining cases (omitted to be proved in |16]). first let xya be a word 
from (iv) with x = y. This is reduced on the one hand as 

xxa -^ ^ xa(i)(x < a^2)) ^ ^ a{i){x o a(2))(x < 0(3)), 
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and on the other hand as 

xxa^\-\x,x\]u = y urn-^'lur^iH -|^',^'l l"(3) 



-[a:;,x]ja = J]] a(i)5'(a(2))(-[x,x] 
(i)(^-[x<a 



The two results are seen to be reduced to the same polynomial, if we see 
that given 6 € J, the two words 

(4.4) J]](x<6(i))(j;<&(2)), J]]-[x<6(i),x^6(2)] 

are reduced to the same one. To see this, suppose 

n 

y {x <] 6(1)) (g) (x o 6(2)) = /^ ^jj ^i ® Xj in V (8) y, 

where tij G k, and xi < • • • < x^ in X. Note that tij = tji since J is 
cocommutative. Then the first word in ()4.4p is reduced as 

/ ^ tij\XiXj -\- XjXij -f- y ^ tii XiXi f y ^ tij [Xi, Xj\ -\- y ^ ta i — [Xi, Xi\ j . 

i<j i i<j i 

By (A2) and Condition (b) of Definition l4.H this last equals the second word 
in ()4.4p . This proves the desired resolvabihty. 

Next, let xyz be a word form (v), and suppose x = y > z. Note that 
if {u,w) = {[x,z],x) or (^[x,x],z), then u E P{J), whence we have the 
reduction wu — )• uw + w <u given by (i). Then one sees that xyz = xxz is 
reduced on the one hand as 

xxz — > —xzx + x[x, z] — )• zxx — [x, z]x + [x, z]x + X <[x, z] 

-> z(-[x,x]] + x<[x,z] -^ (-[x,x]]z + z<\(-[x,x]] + x<[x,z], 

and on the other hand as 

xxz — )■ ( -[2;, x] jZ. 

These two results coincide, since V is 2-torsion-free by (Al), (A3), and since 

the element z< ( ^[x, x] j +x<i [x, z] € V, whose twice is zero by Condition (d) 

of Remark 14.21 is zero. The ambiguity for the word xyz is thus resolvable 
when X = y > z. One can prove similarly the resolvabihty in the remaining 
cases x>y = z,x = y = z. O 

4.4. Let ( J, V) be a dual Harish-Chandra pair such that V is k-free. 

Definition 4.4. ( J, V) is said to be admissible if there exists a unit-preserving, 
left J-linear super-coalgebra isomorphism J ® A{V) — ^ H( J, V) which ex- 
tends the canonical map V — )> il{J,V). If we set H = H(J, y), then the 
condition is equivalent to that H is co-split, and the canonical maps J — >■ H, 
y — 7- H give isomorphisms J ^—^ H, V ^—^ Vu. 

Proposition 4.5. If (Al)-(A3) are satisfied, then {J,V) is admissible. In 
particular, if k is a field of characteristic 7^ 2, then every dual Harish- 
Chandra pair is admissible. 
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Proof. Choose arbitrarily a totally ordered free basis X oiV . Then the left 
J-linear map : J (g) /\{V) — > H( J, V) defined by 

(4.5) 0^(1 ® (Xi A X2 A • • • A Xn)) = ^1X2 ...Xn 

on the J-free basis 

1 {8> (a^i A 2:2 A • • • A Xn), Xi G X, xi < X2 < ■ ■ ■ < Xn, n > O 

is a counit-preserving super-coalgebra map. Lemma 14.31 proves that if X is 
as in (A3), then </) is an isomorphism. D 

Remark 4.6. Once it is shown that ( J, V) is admissible, it follows from 
Proposition 13.71 that for any totahy ordered free basis X, the map (/) : 
J (8) A(y) -^ H(J, V) defined as above is an isomorphism. 

4.5. Let H be a super-cocommutative Hopf superalgebra. Assume that H 
is co-spht. Then by Lemmas 13.11 and 13.41 H is a k-direct summand and 
purely even Hopf super-subalgebra of H, and Vh is a right H- module under 
the action given by ()3.2p . Define 

[u, v] := uv + vu, u,v G Vh- 

Proposition 4.7. This define a bilinear map [ , ] : Vh x Vh — > f (H), 
with which H and the right 'H-module Vh form a dual Harish-Chandra pair. 
LeiH(H, Vh) be the associated Hopf superalgebra. Then the inclusion maps 
H M- H, V^ ^^ H give rise to a Hopf superalgebra map H(H, Vh) ^■ 
H. This is an isomorphism if the dual Harish-Chandra pair (H, Vh) is 
admissible. 

Proof. We only prove the last assertion since the remaining are easy to see. 
By the admissibility we have a unit-preserving left H-linear super-coalgebra 
isomorphism H (g) A(Vh) — — ^ H(H, Vh) which extends the canonical map 
Vh -^ H(H, Vh)- lts composite with H(H, Vh) — > H is necessarily iso- 
morphic by Proposition 13.71 This proves that the last map is an isomor- 
phism. D 

5. LiNEAR (co)alGEBRA OVER A PID 

In this section we suppose that k is a PID, unless otherwise stated. 

5.1. Since k is a PID, a k-module is flat if and only if it is torsion-free if 
and only if it is a directed union of finite free submodules. Any k-submodule 
of a free (resp., flat) k-module is free (resp., flat). Given a k-module M, the 
dual k- module M* is flat; it is finite free if M is finite. 

Lemma 5.1. Given k-modules M, N, the canonical map M* ^N* — )• (M® 
N)* is injective. The map is bijective if M or N is finite. 

Proof. The second assertion is easy to see. To prove the first, present M = 
[J)^ M\ as a directed union of finite k-submodules M\. Since the second as- 
sertion shows that \\m^{Ml®N*) ~ \vm^{Mx®N)* = {M^N)* canonically, 
it suffices to prove that the canonical map M* (8) N* = (hm M^) ® N* — >• 
lim (Mjl' (81 A^*) is injective. Note that all Af^ and hence lim M^ are flat. 
Then it follows that for every finite (necessarily free) k-submodule F C A^*, 
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the map restricts to (lim M^) (g) i^ ^ lim (Mj^ CS» F), which is obviously 
bijective. This proves the desired injectivity, since an element of the kernel 
of the map hes in ( lim M^) (8> F for some F, and must be zero. n 

5.2. Let C be a k-flat coalgebra. If D is a k-submodule of C, then D is 
k-flat and we have D®"' C C®" for all n > 0. We say that D is a subcoalgebra 
of C, if the image A(I?) of D by the coproduct on C is in ö ® D; in this 
case D is naturally a coalgebra. The image of any coalgebra map to C is a 
subcoalgebra of C. 

A subcoalgebra of a k-flat Hopf algebra is called a Hopf subalgebra, if it 
is a subalgebra, and is stable under the antipode. 

Definition 5.2. A k-flat coalgebra C is said to be locally finite, if it is a 
union of k-finite (necessarily free) subcoalgebras. 

The following result and in fact, a generalized result in the super-situation 
are direct consequences of [HJ Remark 3.1] due to Fioresi and Gavarini. 

Proposition 5.3. A k-/ree affine Hopf algebra is locally finite as a coalgebra. 

Proof. Let A be an affine Hopf superalgebra. As is stated in [SJ Remark 3.1], 
A is a quotiënt Hopf superalgebra of the Hopf superalgebra 0{G'L{m\n)) 
which represents the algebraic supergroup GL(?n|n), where m, n are some 
non-negative integers; Gavarini kindly informed the first-named author of a 
proof omitted in [5]. It follows that A is locally finite, since 0(GL(?TT-|n)) 
is. Our proposition is this result restricted to the non-super situation. D 

5.3. Let C be a k-flat coalgebra, and let D C C he & subcoalgebra. Let 
y be a k-flat left C-comodule with structure map p : V ^ C 0V. There 
exists the largest D-subcomodule U of V, that is, the largest k-submodule 
such that p{U) <Z D ®U . This is given by 

U = {v(^V\ p{v) eD(^V}, 

and is indeed a left D-comodule. The notion will play an important role in 
Sections ElEl 



5.4. Let C be a k-flat coalgebra. Let Pt^ be a flnite k-module. Then every 
right C-comodule structure W ^ W ® C, w ^^ Yl ^(0) ® ^(i) on W gives 
rise to a left C-comodule structure W* — > C (8> W* , f >-^ X^ ^(-i) ® '^(o) on 
W* which is defined by 

where the pairings are the canonical one on W* x W . Note that this indeed 
defines a map W* — > C®W* , since the canonical map C®W* -^ Hom(W, C) 
is bijective. This structure on W* is said to be transposed from the structure 
on W. Analogously, every left C-comodule structure on W is transposed to 
a right C-comodule structure on W*. 
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5.5. Let C be a coalgebra. Then C* is naturally an algebra. Suppose 
that an algebra map J ^ C* from an algebra J is given. If TV is a right 
C-comodule hy w i-^ J2 ^(O) ® W{i) , then 



w := 



^w;(0) (a,u;(i)), a e J, w e W 



defines a left J-module structure on W, where the pairing is the canonical 
one on J x C. This is called the induced J-module structure on W . Analo- 
gously, a left C-comodule induces a right J-module structure on itself. The 
construction here is valid over any k, and generalizes to the super situation, 
though we will use only the fact that if C is a super-coalgebra, then C* is a 
superalgebra. 

5.6. Let A be a k-finite algebra. Since ^4* (g) ^4* ~ (A (g) ^4)* by Lemma [ÏÏTTl 
one sees as in |20^ Proposition 1.1.2] that A* is naturally a coalgebra which 
is k-finite free. 

Let A be an algebra in general. A one-sided or two-sided ideal / of A is 
said to be cofinite if A/I is k-finite. If /, /' are both cofinite, then I D I' is, 
too. Let A° denote the subset of A consisting of those clements of A* which 
annihilate some cofinite two-sided ideals. Thus we have 

A'^ = [j{A/iy, 

I 

where / runs over all cofinite two-sided ideals of A. The following is easy to 
see; see (2ÜJ Section 6.2]. 

Lemma 5.4. As an inductive limit of the k-finite free coalgebras (A/I)* , 
A° is a coalgebra which is h-flat and locally finite. 

Remark 5.5. Let A be an algebra as above. 

(1) A° consists of those clements in A* which annihilate some cofinite 
right (or left) ideals, since each cofinite right (or left) ideal / includes the 
two-sided ideal Ann(j4//) of annihilators, which is cofinite. 

(2) Recall from Lemma [O that we have A* (^ A* C {A A)* . Then, 
just as proving [SÜ] Proposition 6.0.3], one sees that A° is the pull-back of 
A* (g) A* along the dual A* ^ {A(g) A)* of the product map A® A^ A. 

5.7. Let A be an algebra, and let M be a k-module. Given a right A°- 
comodule structure M^M^A°,mi-^Yl "^(o) ® ï^(i) on M, the canonical 
algebra map A -^ (^°)* gives the induced left A- module structure 

(5.1) a ^ 771 := N^ 771(0) (a,W'(i)), a & A, m£M 

on M, which is locally finite in the sense that M is a union of k-finite A- 
submodules. We have an analogous construction, by switching the sides. 
Thus we have a map from 

• the set of all right (resp., left) j4°-comodule structures on M 
to 

• the set of all locally finite, left (resp., right) j4- module structures on 

M. 

Proposition 5.6. If M is k-flat, the map above is a bijection. 
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Proof. We construct an inverse of the map. 

First, assume that M is k-finite free. Given an A-module structure 
on M, some cofinite ideal I oi A annihilates M, and the canonical map 
Hom(j4//, M) — 7> M (8> (A/I)* is bijective. Moreover, m >-^ {a >-^ am) gives 
an A°-comodule structure M -^ Hom(A//, M) c^ M ® {A/I)* ^^ M ® A° 
on M, which is characterized by the same formula as (|5.ip . Therefore, we 
have given an inverse. 

Next, assume that M is k-flat. Given a locaUy finite ^4- module structure 
on M, apply the construction above to every k-finite (necessarily free) A- 
submodule of M. This well defines an A°-comodule structure on the whole 
M that is characterized by the same formula as ()5.ip . Therefore, we are 
done. D 

5.8. Let A be a superalgebra. Notice from Remark 15.5( 2) that the dual 
coalgebra A° is the pull-back of the k-super-submodule A* (g) A* of (A(8) A)* 
along the dual of the product map, which is Z2-graded. Then it follows that 
A° is a super-coalgebra; see [Hl Lemma 2]. 

As is easily seen, Proposition 15.61 is generalized to the super-situation so 
that given a k-flat k-supermodule M, we have a natural bijection between 
the set of all right (resp., left) A°-super-comodule structures on M and the 
set of all locally finite, left (resp., right) A-supermodule structures on M. 
We remark that an A-supermodule is locally finite as an A-module if and 
only if it is a union of k-finite A-super-submodules. 

The following lemma is proved just as the result \1Q\ Corollary 3] for which 
k is a field of characteristic ^ 2. 

Lemma 5.7. Suppose that A is a Hopf superalgebra. Then A° is a super- 
subalgebra of A* , and is, moreover, a Hopf superalgebra. If A is super- 
comniutative (resp., super- coconimutative), then A° is super- cocomniutative 
(resp., super- comniutative) . 

Proposition 5.8. Let ü be a co-split super-coconimutative Hopf superal- 
gebra with Vu k-finite (free), and choose arbitrarily an isomorphism (p : 
H (8 A(T4ï) -^^ H such as in ()3.3p . Then the super-commutative Hopf 
superalgebra H° is split, and the dual (j)* : H* — =^ H* ® ^{V-h) ^f <A 
restricts to a counit-preserving, left 'H°-colinear superalgebra isomorphism 
H° ^ H° ® A{V^), whence 

H° = H°, W^° = V^. 

Proof. Identify H with H (8) A(Vh) via (j). Then just as in the proof of \16\ 
Proposition 31], one sees by using (|3.7p that if / C H is a cofinite right ideal, 
then I® A(Vh) is a cofinite right ideal of H. The desired result then follows 
from Remark 15^1). D 



5.9. If J is an ordinary Hopf algebra, then J° is, too. We will use some 
times the following lemma, which is easy to prove; it can be generalized to 
the super situation in the obvious manner. 

Lemma 5.9. A Hopf pairing { , ) : J x C ^- k between Hopf algebra J, C 
induces the canonical algebra map C —?■ J* given by c >-^ {a >-^ {a,c)). If C 
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is locally finite, then the map takes values in J° , and gives a Hopf algebra 
map C -^ J° . 



6. HARISH-ChANDRA pairs and ASSOCIATED AFFINE HOPF 

SUPERALGEBRAS 

In this section we suppose that k is a PID. 

6.1. Let VF be a finite free k- module, and set V = W*. We have the 
super-cocommutative N-graded Hopf superalgebra T{V); see Section 12.41 
Let Tc{W) denote the tensor coalgebra on W; see [Tül Section 4.1]. This 
equals the tensor algebra T{W) = ®'^=qT"-{W) as an N-graded k-module, 
and forms uniquely a super-commutative N-graded Hopf superalgebra such 
that the canonical pairing 

(6.1) ( , ) : T{V) X T,{W) -^ k 

given hy {vi(g)- ■ ■(ï^Vn,wi(g)- ■ -iS^Wn) = YYi=i{vi,Wi), where Vi eV,Wi G W, 
n > O, is an N-homogeneous Hopf pairing. 

Let C be a commutative Hopf algebra, and suppose that W^ is a right 
C-comodule. Then Tc{W) is a right C-comodule under the co-diagonal C- 
coaction on T"(VF), n > O, and the trivial coaction li-)-l(8)l,k— ;'k(g)C 
on k = r°(VF). Moreover, Tc{W) is a Hopf algebra object in SCom-C. The 
argument in Section [2.71 shows that the associated smash coproduct 

A = A{C,W) :=C*<Tc{W) 

is an N-graded Hopf superalgebra, which is as an algebra the tensor product 
of C and Tc{W), and whose n-th component is A{n) = C 'SiT^'iW). This is 
super-commutative. 
The direct product 



A = A{C, W):='[[C(S) T'^iW) 



n=0 



is the completion of A with respect to the linear topology defined by the 
descending chain 



an:=^C^T\W), n = 0,l,2. 



i>n 

of super-ideals. The structure maps on A, being continuous, are completed 
to 

A:^ — >A§)A, e:A — ^ k, S : A — > A. 

Here, k is supposed to be discrete, and A <^ A is given the linear topol- 
ogy defined by ün (Si A + A(d üm, n,7n = 0,1,2,..., and is completed to 
A<Si A = YÏ^^^Q A{n) (8) A{m). We say that ^ is a complete topological 
Hopf superalgebra since it satisfies the axiom of Hopf superalgebras with 
replaced by (g). 
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6.2. Let C be a k-flat affine Hopf algebra. The right co-adjoint coaction 

coad : C — > C ® C, c i — > >^ C(2) (8) 'S'(c(i))c(3) 

induces on the finite k-module C^ / {C'^)'^ a right C-comodule structure. 
This is transposed to a left C-comodule structure on 

P(C°) = (C7+/(C+)2)*. 

The induced right C°-module structure on P{C°) coincides with the right 
adjoint action. Let M^ be a k-finite free right C-comodule. Set V = W*. 
Then F is a left C-comodule by transposition, so that F (8) F is such as well 
with the co-diagonal coaction. 

Definition 6.1. {C,W) is a Harish-Chandra pair, if it is equipped, as its 
structure, with a linear map [ , ] : V ^V —^ P{C°) such that 

(a) [ , ] is right C-colinear, 

(b) [u, v\ = [f, u] for all u,v ^V , and 

(c) v <i [v, f ] =0 for all V ^ V. 

The <i in (c) denotes the C°-action induced from the left C-comodule struc- 
ture on V. 

Remark 6.2. Let C, W, V be as above. Choose a Hopf subalgebra J C C° 
such that J D PiC°), and so P{J) = P{C°). Then V has the induced right 
J-moduIe structure. 

(1) If (C, W) is a Harish-Chandra pair, then [ , ] : Vf^V -^ P{C°) = P{J) 
is a J-linear map, with which ( J, V) is a dual Harish-Chandra pair. 

(2) The canonical Hopf pairing J x C ^> k induces a canonical algebra 
map C — 7> J* such as in Lemma 15.91 Assume 

(B) the canonical map C — )■ J* is injective. 

Then every J-linear map between two C-comodules is C-colinear provided 
the range is k-finite free. It follows that if J and the right J-module V 
form a dual Harish-Chandra pair, then the structure map [ , ] : V ®V ^f- 
P{J) = P{C°) is C-colinear, so that (C, VT), equipped with this [ , ], is 
a Harish-Chandra pair. If k is a field of characteristic 7^ 2, then J = C° 
satisfies (B), whence one sees that the definition above then coincides with 
[m Definition 4.11]. 

See |13] . |14j and [5] for previous definitions of Harish-Chandra pairs. 

6.3. Let (C, W) be a Harish-Chandra pair. Since W is then a k-finite free, 
right C-comodule, we have the super-commutative N-graded Hopf superal- 
gebra A{C,W) and its completion A{C,W)] see SectionEU Set V = W* , 
and choose a Hopf subalgebra J C C° such that J D P{C°). By Remark [6. 21 
there arises a dual Harish-Chandra pair {J,V), to which are associated the 
super-cocommutative N-graded Hopf superalgebra 'H{J,V), and the quo- 
tiënt Hopf superalgebra H(J,y) = n{J,V)/I{J,V); see Section |12i The 
canonical pairing ( , ) : J x C ^ k and ()6.ip give rise to the N-homogeneous 
Hopf pairing 

( , ) ■.n{J,V) xA{C,W) ^k 
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defined by {a ® u^c ® z) = {a,c){u, z), where a & J, c £ C, u ^ T{V), 
z € Tc{W). This uniquely extends to 

(6.2) {, ):'H{J,V)xA{C,W) ^k 

so that for every h G ?^(J, F), (/i, — ) : A{C,W) — ;> k is continuous. We 
define 

Aj{C, W) := {Z G A{C, W) I (/( J, V),Z) = 0} 

Until the end of this subsection we keep the situation as above. We are 
going to choose assumptions forni the following: 

(B) The canonical map C — ?> J* is injective; 

(C) C is k-free; 

(D) ( J, V) is admissible. 

Proposition 6.3. Assume (B). Then Plj{C,W) is ak-flat, discrete super- 
subalgebra of A{C,W) which is stable under S. Moreover, we have 

(6.3) Aj{C, W) ® Aj(C, W) C A{C, W) è A{C, W). 

Proof. For this and next proofs we siniplify the notation by omitting (C, W) 
or {J,V). For example, A, Aj and H represent A{C,W), Aj{C,W) and 
H(J, y), respectively. 

Since A is k-flat, Aj is, too. Since / = I{J,V) is a super-ideal, and is 
stable under the antipode, it foUows that Aj is a super-subalgebra, and is 
stable under S. 

For each n > O, set 

(6.4) nn = ^J(^T\V), An = A/an = ^C(E)r{W). 

i<n i<n 

Since H = Ti/I is finitely generated as a left J-module, it follows that if 
n ^ O, then Ti = I + Tin, and so {Ti, Aj n a„) = O, which implies by (B) 
that Aj n o„ = 0. This means that Aj is discrete, or 

(6.5) Aj C An, n » 0. 
Since Aj and all An are k-flat, we have 

Aj^AjCAm^An, m,n>0, 
which proves (j6.3p . D 



Proposition 6.4. Assume (B), (C). Then Aj{C, W) is k-free, and A : 
AiC,W) -^ A{C,W) êA{C,W) restricts to Aj{C,W) -^ Aj{C,W) ® 
Aj(C, W); see ()6.3p . This together with the restrictions of e, S on A{C, W) 
makes Aj{C,W) into a super- commutative Hopf superalgehra. 

Proof. The second assertion follows easily from the first and the fact proved 
by Proposition 16.31 that Aj is S'-stable. Let us prove the first assertion. Let 
Tin-, -A-n be as in ()6.4p . By (C) and ()6.5p . all An and Aj are k-free. 

Consider the pairing (|6.2p on 7^ x ^ and the induced one onTi^Ti x A®A; 
the latter extends uniquely the pairing Ti®Tix A^A^k, {\® ^,a(^ j3) = 
(A, a)(/i, /?), so that for every ip £ Ti0Ti, (<^, — ) : A^A^- kis continuous. 
Given a subset F m Ti oi m Ti (>i) Ti, let F^ denote the subset of A or of 
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A^ A consisting of those elements which annihilate F with respect to the 
relevant pairing. Then / = Aj. We wish to prove 

(6.6) {n(^I + I^n)^ = I^^I^ in AèA. 

This implies the desired result since I is an ideal, and so A(/ ) C {71®! + 

To prove (j6.6p . we first see 



(6.7) in0i + i®n)^ = {71(^1)^ nii(^n)^. 

Let n > O, and consider the restricted pairing T-Ln x An — > k. Set J„ = 
In Tin, and let I^ denote the subset of An consisting those elements which 
annihilate /„; this I^ is k-free. We have an exact sequence, 

(6.8) O^I^^An^ In- 

Applying hm , we have I^ = hm /^, since I = |J^ /„, and so /* = hm /*. 

By (B), the map An — > T-in induced from the pairing above is injective. 
Applying Am® to (|6.8|) . we have an exact sequence 

Q ^ Am® In ^^ ^m® An ^ {Urn® In)*, 

since we have Am ® In ^ T^m ® ^n ^ {'Hm ® In)* by Lemma [5711 Applying 
hm , we have 

i m,n 

{'H®I)^=\mi{^m®In)- 



This, together with an analogous result and ()6.7p . shows 

{n®i + i®n)^ = ^,,^JAm ®i^)n ^^Ji^ ® X) 

= l^™,n((-^- ® ^n) n {I^ ® An)) = l™^^„(^,^^ ® In)- 

Here the last equality holds true, since one sees {Am ® In) ^ {^m. ® ■^n) = 
^m ® -^nj fi'om the commutative diagram constructed by tensoring the two 
exact sequences O ^ I;f ^ Ae ^ I^ , i = m,n, whose rows and columns are 
all exact since /^, Ai and /| are k-flat. 

To conclude the proof of (|6.6|) . we wish to show I-*-®/^ = lim {I^®I^). 

By (j6.5p . there exists hq such that for every n > hq, the canonical map 
J-*- -^ I^ is injective. Through this injection we identify I^ with its image 
in /^. Fix 771, and choose a k-free basis, {a\\\, of /^. Then we see that 
any element of Um (/^ ® I^) is of the form (X^a ^A ® bx^n)n, where for 
every A, the elements 6a, n £ In, "^ — "-O) coincide with one element, say 
b\, in I^. The elements 6a must be zero except for finitely many A, and 
we have I^ ® I^ = hm (/^ ® I;^). Since /^ is k-free, the same argument 

proves I^ ® I^ = hm (/^ ® I-^). The last two equalities prove the desired 
result. D 

In the situation of Proposition 16. 4[ the inclusion map Aj{C,W) ^^ 
A{C, W) composed with the projection A{C, W) -^ C gives a Hopf su- 
peralgebra map Aj(C, W) -^ C, along which we regard Aj(C, W) as a left 
C-comodule superalgebra in the following. 
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Theorem 6.5. Assume (B), (C), (D). Then Aj{C,W) is an affine Hopf 
superalgebra. There exists a counit-preserving, left C-colinear superalgebra 
isomorphism 

Aj{C,W) -^C®A{W), 
so that Aj{C,W) is split. 

We let Hoinj denote the k-module of J-linear maps. 

Lemma 6.6. We have the foUowing. 

(1) Linear isomorphisms 

C7®T"(P^) ^Homj(J(g)r"(y),C7), n>0 

are given by 

c^z I— )■ (a (8> n i-> {u,z)a^^c), 

where {u,z) denotes the pairing (|6.ip . and a ^- c denotes the left J-action 
induced from the natural right C-comodule structure on C . These isomor- 
phisms amount to a linear isomorphism, 

i : A{C, W) ^ Hom j{n{J, V),C). 

(2) Assume (B). Then the isomorphism ^ above restricts to a linear iso- 
morphism, 

e' : Aj{C, W) ^ Homj(H(J, V),C). 

Proof. (1) This is easy to see. 

(2) Obviously, Bomj(H{J,V),C) is sent by ^"^ into Aj{C,W). The 
canonical map C ^ J* , which is left (and right) J-linear, induces a linear 
map, 

}iomj{n{J, V),C)^ Romj{n{J, V), J*) = n{J, ¥)*■ 
this is injective by (B). The composite of this injection with ^ is the map 
A{C,W) -^ T-L{J,V)* induced from the pairing (|6.2p . Since this last map 
induces Aj{C,W) -^ U{J,W)*, it follows that Aj{C,W) is sent by ^ into 
Homj(H(J,y),C7). D 

Proof of Theorem \6.5i We have only to prove the second assertion, which 
immediately implies the first. Choose a totally ordered k-free basis X of V. 
Define linear maps lx : A{V) -^ T{V), tïx ■ Tc{W) -^ A{W) by 

ix{xi A- ■ ■ AXn) = Xi® ■ ■ ■ ®Xn, 

{lx{u), z) = {u, -ïïxiz)), 

where Xi e X, xi < ■ ■ ■ < Xn, O < n < #X, u € A{V), z € Tc{W). 
One sees that lx is a unit-preserving super-coalgebra map, whence ttx is a 
counit-preserving superalgebra map. Since 

idc (g)7rx : A{C, W) = C ® Tc{W) ^ C (g) AiW) 

vanishes on C^T^{W) for n ^ O, it uniquely extends to a continuous linear 
map, 

idc êvrx : 1(C, W) ^ C ® A{W). 
Restrict this to Aj{C,W) to obtain 

i^x--Aj{C,W)^C(^A{W). 
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This ipx is a counit-preserving superalgebra map, and is left C-colinear 
(under (B), (C)), since idc (^vrx is such a map. (We remark that lx, t^x-, 
tpx are denoted by Tx, ttx, '4'x in HS]) respectively.) 

Recall the map cp : J (8) A(y) -^ ii{J,V) from the proof of Proposi- 
tion l4.5[ which is now bijective by (D); see Remark 14.61 As is shown in the 
proof of [Tïïl Lemma 27(1)], the map ipx equals the composite 

Aj{C,W) ^}iomj{ïi{J,V),C) ^ 

Homj(J ^ A(V),C) = C A{V)* ^C® A{W) 

of ^', Homj((/> , idc) and a canonical isomorphism. This is bijective by (B), 
as is shown by Lemma 16.61 (2). D 



6.4. Let C be a k-flat afRne Hopf algebra, let VK be a finite free k-module, 

and set V = W*. 

Proposition 6.7. Suppose that {C,W) is a Harish-Chandra pair. Assume 
2 7^ O int, and that V has a free basis X such that for every x ^ X, [x,x\ 
is 2-divisible in P{C°). Let Ji C C, i = 1,2, be Hopf subalgebras including 
P{C°). If the canonical maps C -^ J* , i = 1,2, are injective, then we have 

Aj,iC,W) = Aj,iC,W). 

Proof. If C — > Jj* is injective, so is C ^- (C°)*. Therefore, we may suppose 
J2 = C°, and so Ji C J2. Then we see Aj,{C,W) D Aj^{C,W). This 
inclusion commutes with the two maps V'x defined on AJ^{C,W), i = 1,2, 
which are both bijective under the assumptions, as is seen from the last 
proof and Remark 14.61 This proves the desired equality. D 

6.5. Let A be an afïine Hopf superalgebra, and set C = A, W = W . We 
regard M^ as a right C-comodule as in Lemma 13.91 Assume that A is split, 
and choose an isomorphism ip : A -—^ C lE) A{W) such as in ()3.1ip . Since 
we have 

{c A{w))° = c° O A{wy = c° ® A{w*), 

the dual tp* of ip restricts to a unit-preserving, left C°-linear super-coalgebra 
isomorphism C° (^ A(W*) -^^ A°, so that the super-cocommutative Hopf 
superalgebra A° is co-split, and 

A^ = C°, Vao=W*. 

Set V = W* , and suppose that {C° ,V) is the dual Harish-Chandra pair 
which arises from A°; see Proposition l4.7l Choose a Hopf subalgebra J <Z C° 
such that J D P{C°). Then {J,V) turns into a dual Harish-Chandra pair, 
by restriction. 

Assume (B), (C). Then by Remark 16.21 {C,W) turns into a Harish- 
Chandra pair which gives rise to the dual Harish-Chandra pair ( J, V) above. 
By Proposition l6.4l we have the super-commutative Hopf superalgebra Aj(C, W), 
which lies in A{C,W). Let w : A ^- Ai/A|^Ai = W denote the natural 
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projection. Let ro^^) = e : A ^^ k, and define w^^^ : A — )• T"-{W), n > O, by 
w^'^'{a) = X^ tx'(a(i)) ® • • • (8) tJ7(a(„)). Define a map by 

oo oo 

/3 : A ^ A{C, W) = llC^ T^{W), fi{a) = Y^T^^H) ® ^^"^(«(2)), 

n=0 n=0 

where ai— )-a, A— )-A = C denotes the natural projection. 

Proposition 6.8. The map f3 takes values in Aj{C,W), and gives a Hopf 
superalgebra map A — ?> Aj(C,W). This map is an isomorphism when we 
assum,e (D), in addition. 

Proof. The first assertion follows by the same argument as given in the proof 
of [Tïïl Theorem 29]. To prove the second, recah the map ipx '■ Aj{C, W) -^ 
C ® /\iyV) from the proof of Theorem 16.51 This is indeed an isomorphism 
under the assumptions. Note that the composite ipx o /3 is a map A — ?• 
C ® /\iyV) such as given in Proposition 13.151 and is compatible with the 
natural projections onto W . The proposition ensures that the composite 
and hence /3 are isomorphisms. D 

7. HyPER-SUPERALGEBRAS of ALGEBRAIC SUPERGROUPS 

In this section we suppose that k is a PID, and let Q(k) denote the 
quotiënt field of k. 

7.1. Let A be an affine Hopf superalgebra. For each n > O, (A"^)" is a 
cofinite ideal of A, whence (A/(A+)")* C A°. Define 

00 
(7.1) At := |J(A/(A+)'^)* C A°. 

n=l 

This is aHopf super-subalgebraof A° whichincludes P(A°) = (A+/(A+)^)*; 
it is super-cocommutative, and is filtered in the sense that if we set F„ = 
(A/(A"'")""^)*, then F„, n G N, are stable under the antipode, and satisfy 
the same formulas as ()3.6p . ()3.7p . We remark that A^ is denoted alterna- 
tively by A' in [H Section 9.2]. 

Let G be an algebraic supergroup. The Lie superalgebra Lie(G) of G is 
given by 

Lie(G) =P(0(G)°). 
We define the hyper- superalgebra hy(G) of G by 

hy(G) = 0(G)t. 

This is often denoted alternatively by Dist(G), called the distribution su- 
peralgebra of G. Note Lie(G) = P(hy(G)). 

Suppose that k is a field. Then a super-cocommutative Hopf algebra 
is called a hyper- superalgebra, if it is irreducible, that is, includes k as its 
coradical. If the characteristic char k of k is zero, every hyper-superalgebra 
H equals the universal enveloping algebra U{q) of the Lie superalgebra g = 
P(H) consisting of all primitives in H. In particular, hy(G) = [/(Lie(G)) 
for every algebraic supergroup G. 
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Return to the situation that k is a PID. Given an algebra K, let Gk 
denote the base change of G to K; it is the algebraic supergroup over K 
represented by the afiine Hopf superalgebra 0{G) (8) K over K. 

Lemma 7.1. If K is k-flat, then 

hy(Gx) = hy(G) ^ K. 

This holds true when K = Q{k), in particular. 

Proof. Set A = 0{G). The lemma follows since we have 

(A/(A+)")* ®K = Hom(A/(A+)", K) 

= Homx(A (8 K/{{A ir)+)", i^). 

D 

7.2. Let G be an algebraic group. Then we have the hyperalgebra hy(G) = 
0(G)t and the Lie algebra Lie(G) = P(hy(G)) of G. 

Lemma 7.2. Assume that 0{G) is lk-/ree. 

(1) The canonical map 0{G) — )■ hy(G)* takes values in hy(G)°, and gives 
a Hopf algebra map 0{G) — )■ hy(G)°. 

(2) This map 0{G) -^ hy(G)° is injective if and only if the base change 
^Q(k) of G to Q{k) is connected. 



Proof. (1) This follows from Proposition 15.31 and Lemma 15.91 

(2) We have 0(GQ(fe)) = 0(G) ®Q(k), hy(GQ(k)) = hy(G) ® Q(k). Since 
(hy(G)//)*(8)Q(k) C hy(GQ(k))° for every cofinite ideal I C hy(G), it follows 
that hy(G)° ® Q(k) C hy(GQ(k))°. By m Proposition 0.3.1(g)], Gq^^) is 
connected if and only if C'(GQ(k)) — )■ hy(GQ(ii5))° is injective. The desired 
result follows from the commutative diagram 

0(G) ^ Q(k) > hy(G)° ® Q(k) 

0(GQ(k)) > hy(GQ(k))°. 

D 
7.3. Let G be an algebraic supergroup. Then we have the algebraic group 



Gev which is represented by 0(G); see Remark 13.81 

Proposition 7.3. Set G = Gev Assume that 0{G) is split. 

(1) hy(G) is co-split, and 

MG)=hy(G), yhy(G) = (^^^^''^)*. 

(2) Assume that 0{G) is k-free, and G'Q(k) is connected; by Lemma 1.2, 
0{G) is then regarded as a Hopf subalgebra of \ij{G)° . The canonical map 
0{G) — > hy(G)* takes values in hy(G)°, and gives a Hopf superalgebra 
injection 

0(G)-^hy(G)°, 
whose image is characterized as the largest left 0{G)-subcomodule in the left 
hy {G)° -comodule hy(G)°; see Section\5, 
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Proof. Set A = 0(G), H = hy(G), and choose such an isomorphism ■0 • 
A^ A(g) A(VF^) as in (fÏÏHT) . 

(1) Note A(VF^)t = ^{W^)* = ^{{W^)*), since the augmentation ideal 
f\{W )'^ is nilpotent. Then we have 

(X®^{W^))^ = A^(8A(^^)t = A^«)A((VF^)*). 

It follows that with ( y apphed, ifj induces a unit-preserving, left A -Hnear 
super-coalgebra isomorphism 

A^^A((T^^)*)^At. 

This imphes the desired result. 

(2) The last isomorphism is rephrased as (/> : H(8) A(Vh) —-^ H. We have 
the foUowing commutative diagram with natural vertical arrows. 



V> 



-> A®^{w^ 



H* ^ > H* ® ^{v^) 

By PropositionES </>* restricts to H° ^ H° A(FJi). Since A -^ H°, the 
last commutative diagram gives rise to 

(7.2) A > A®^{W^) 



H° = > H°«)A(ypi). 

Since A® A(l^-^) is the largest left A-subcomodule in the left H°-comodule 
H° (g) A(y^)ï the desired result follows. D 

Theorem 7.4. Let {J-,V) be an admissible dual Harish-Chandra pair with 
V k-finite (free); see Definition \4-4\ Let G be an algebraic group such that 
0{G) ish-free, Ggr^-^ is connected, andh.y{G) = J. Assume that the right J- 
module structure on V arises (necessarily, uniquely) from a right G-module 
structure; this means that V — )■ Hom(J, y), v ^-^ {a^ v<a) factors through 
0{G) 8 V, which is canonically embedded into Hom( J, V) since 0{G) — > J* 
is injective by Lemma \7.S\ (2). Then there exists uniquely (up to isomor- 
phism) an algebraic supergroup G such that 

(7.3) O {G) is split, Gev = G, hy(G) = H(J,y). 

Proof. Existence. Set C = 0{G), W = V*. Since J D P(C°), and G ^ J* 
is injective, it follows from Remark l6.2l (2) that {G,W) turns into a Harish- 
Chandra pair which gives rise to the dual Harish-Chandra pair ( J, V). The- 
orem [63] gives a split afïine Hopf superalgebra Aj(C, W). We wish to prove 
that the corresponding algebraic super group G has the desired properties. 
In fact, 0{G) = Aj{G,W) is split, and Gev = G. As is seen from the 
last paragraph of the proof of Theorem 16.51 (see also [TH Lemma 27 (1)]), 
we have a counit-preserving, left C-colinear superalgebra isomorphism ip : 
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Aj{C,W) ^ C (g) A{W) whose dual ^° : C° ® A{W*) -^ Aj(C,I¥)° 
restricts to J lE) A(y) ^—^ ii{J,V). On the other hand, as is seen from 
the proof of PropositionES] (1), iJ° restricts to J A{V) ^ Aj{C,W)^. 
The two restricted isomorphisms show ïl{J,V) ~ Aj{C,W)^ = hy(G), as 
desired. 

Uniqueness. This follows by the characterization shown in Proposition l7.3l (2) . 

D 

We reniark that the last theorem can be formulated as a category equiv- 
alence, which we formulate below in the simpler situation that k is a filed 
of characteristic ^ 2. 

Under the situation we let Triple denote the category of those triples 
(H, G, rj) which consist of a hyper-superalgebra H, a connected algebraic 
group G and an isomorphism r/ : hy(G) ^^ H, such that diniVn < oo, and 
the right adjoint action by H on Vh arises (necessarily, uniquely) from a 
right G-module structure via ï]. A morphism in the category is a pair of 
those morphisms of Hopf superalgebras and of algebraic groups which are 
compatible with the isomorphisms r/. 

An algebraic supergroup G is said to be connected if the algebraic group 
Gev is connected. The connected algebraic supergroups form a full subcat- 
egory cASG in the category of algebraic supergroups. 

CoroUary 7.5. Suppose that k is a field of characteristic ^ 2. Given a con- 
nected algebraic supergroup G, the triple (hy(G), Geii,cano), where cano : 
hy(Get,) — ^ hy(G) is the canonical isomorphism, is in Triple. The assign- 
ment G i— > (hy(G), Ge«,cano) gives a category equivalence cASG ~ Triple. 

Proof. Note that if Ik is as above, 0{G) is split, so that we have the isomor- 
phism cano; see Proposition 17.31 (1). It follows that (hy(G), Gei., cano) G 
Triple. 

One sees easily that the assignment above is a functor. To prove that 
it is an equivalence, notice from \1()\ Theorem 29] (see also the paragraph 
following \1()\ Definition 8]) that cASG is anti-equivalent to the category 
cHCP of the connected Harish-Chandra pairs, that is, those Harish-Chandra 
pairs (C, W) in which C does not contain any non-trivial idempotent; the 
anti-equivalence associates to {C,W), the connected algebraic supergroup 
corresponding to the afïine Hopf superalgebra Aj(C, W), where J = C^ . 

Let (H,G,7?) G Triple. By Propositions 113] and 11771 H = il(U,Vn), 
where the dual Harish-Chandra pair (H,Vh) is admissible. As is shown in 
the proof of the last theorem, the triple gives rise to a Harish-Chandra pair 
(0(G), VfJ), which is obviously connected. Assign to (H, G, rj) the connected 
algebraic supergroup associated to (0(G), V-^)- Then it gives a quasi-inverse 
of the functor given above, as is easily seen. D 

7.4. We suppose that k is a PID as before. Let (J, V), G he an admissible 
dual Harish-Chandra pair and an algebraic group, which both satisfy the 
assumptions of Theorem 17.41 Then the theorem gives a unique algebraic 
supergroup G that satisfies ()7.3p . We have J = hy(G) C hy(G). 

Let M be a k-supermodule. Given a left G-supermodule structure on M, 
or equivalently a right C'(G)-super-comodule structure p : M — )• M ®0{G), 
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p{m) = E"^{0) ®"l(l), 

(7.4) a ^ m := N^ m(o) (a, m(i)), a G hy(G), rii G M, 

defines a locally finite, left hy(G)-supermodule structure on M such that 
the restricted hy(G)-module structure arises from the right 0(G)-comodule 
structure given by the composite M ^ M <^ 0{G) -^ M ® 0{G) of p with 
the canonical map M (S) 0{G) -^ M ® 0{G). Thus we have a map from 

• the set of ah left G-supermodule structures on M 
to 

• the set of those locally finite, left hy(G)-supermodule structures 
on M whose restricted hy(G)-module structures arise (necessarily, 
uniquely) from left G-module structures. 

Note that the left and the right G-supermodule structures (resp., locally 
finite hy(G)-supermodule structures with the property as above) on M are 
in one-to-one correspondence, since one can switch the sides through the 
inverse on G (resp., the antipode on hy(G)). 

Theorem 7.6. /ƒ M is k-projective, the map above is a bijection. 

Proof. To fit in with our results that we will use, we discuss the map between 
the opposite-sided objects and prove its bijectivity by giving an inverse. 

Set A = 0(G), H = hy(G) (= H( J, V)). Then A = 0(G), H = hy(G). 
We have the same commutative diagram as (j7.2p . By the projectivity of M, 
there is a k-module N such that the direct sum M(BN equals a free k-module 
F = 0^- k; this last denotes the direct sum 0,jgj kj of copies kj, i e /, of 
k, and similar notations will be used below. Suppose that we are given a 
locally finite, right H-supermodule structure on M such that the restricted 
H-module structure arises from a left A-comodule structure. Since M is 
k-flat, we have the corresponding left H°-super-comodule structure, say p : 
M — )■ H° (g) M, on M; see the second paragraph of Section 15.81 Composing 
p with the split k-linear injection H° (g) M — >■ H° (S) F, we have an inclusion 
of left H°-comodules, 

(7.5) M-^0H°. 

I 

With 0F applied, the commutative diagram (j7.2p gives rise to the following 
commutative diagram of left H°-comodules, or of locally finite right H- 
modules. 

e/A ^ y ©,,A 



e/H° ^ > ©,,H° 

We regard the vertical arrows as inclusions. Then it follows that Qj, A is the 
largest A-subcomodule in ^j, H°. This together with the last commutative 
diagram show that M is included via (|73]) in 0^ A = (A M) © (A (g) iV), 
whence p factors through M -^ A ® M. We see that this gives a left 
A = C'(G)-super-comodule structure on M, and thus have obtained a map 
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in the opposite direction, which is easily seen to be an inverse of the map in 
question. D 

Remark 7.7. We niodify the proof above in the non-super situation, to 
obtain the following. Given a projective k-module M, there is a natural 
bijection between the set of all right (resp., left) 0(G)-comodule structures 
on M and the set of those locally finite, left (resp., right) hy(G)-module 
structures on M whose restricted hy(G)-module structures arise from G- 
module structures. 

Remark 7.8. Suppose that k is a field of characteristic zero. 

(1) The category Triple introduced in the last subsection is then identi- 
fied with the category of those triples (3, G, rf) each of which consists of a 
finite-dimensional Lie superalgebra g, a connected algebraic group G and an 
isomorphism 77 : Lie(G) -^^ Qq, such that the right adjoint action by go on 
fli arises (necessarily, uniquely) from a right G-module structure via rj. The 
latter category is anti-isomorphic to the category cHCP given in the proof 
of CoroUary 17. 5t see [Tïïl Proposition 20] . 

(2) Let G be a connected algebraic supergroup, and set q = Lie(G). It 
follows by Theorem 17.61 that given a super- vector space M, there is a one- 
to-one correspondence between the set of all left G-supermodule structures 
on M and the set of those locally finite, left g-supermodule structures on 
M whose restricted go-module structures arise (necessarily, uniquely) from 
Ge^-module structures. 

8. Algebraic supergroups with whigh Chevalley groups 

are assogiated 

8.1. Let Gz be a split and connected reductive algebraic group over Z; see 
[TT| p.174]. Choose a split maximal torus T^. The pair {Gz,Tz) naturally 
corresponds to a root datum (X, R,X^, R"^), where X equals the character 
group X(rz) of Tz. 

Let k be an integral domain. Set 

G = (Gz)k, T = {Tz)k, 

the base changes through the unique ring map Z ^ k. We have an inclusion, 
hy(G) D hy(T), of hyperalgebras, which coincides with the base changes of 
the hyperalgebras hy(Gz) D hy{Tz) over Z. (Note that k may not be a PID. 
However, G and T are known to be infinitesimally flat |1H p.118] in the 
sense that the corresponding affine Hopf algebras A satisfy the condition that 
j4/(^"*")" is k-finite projective for each n > 0. Therefore, the hyperalgebras 
hy(G), hy(r) are defined by ()7.ip as cocommutative Hopf algebras, and 
commute with base change, although A° may not be defined as such Hopf 
algebras.) Since k contains no non-trivial idempotent, the character group 
X(r) of T remains to be X. 

Let M be a left or right hy(G)-module. We say that M is a hy(G)-r- 
module, if the restricted hy(T)-module structure on M arises from some 
T- module structure on it. This is equivalent to saying that M is a direct 
sum M = 0_xgx -^-^A of k-submodules Mx, A G X, so that 

am = {a, X) m, a G hy(r), m G Mx, A G X, 
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where we have supposed that M is a left hy(T)-module. One sees that the 
T-module structure above is uniquely determined if M is k-tor sion-free. A 
hy(G)-T-niodule is said to be locally finite if it is locahy finite as a hy(G)- 
module; see Section [ÏÏTTl 

Let M be a k-module. Suppose that we are given a left G-module struc- 
ture on M, or equivalently, a right 0(G)-comodule structure p : M ^^ 
M (g) 0{G). The formula (|7.4p with G replaced by G defines a locally finite, 
left hy(G)-r-module structure on M; note that the restricted hy(r)-module 
structure on M arises from the right 0(r)-comodule structure given by the 
composite M — > M (g) 0{G) -^ M ® 0(T) of p with the canonical map 
M (g) 0{G) -^ M ® 0{T). Thus we have a map from 

• the set of all left G-module structures on M 
to 

• the set of all locally finite, left hy(G)-T-module structure on M. 

The left and the right G- module structures (resp., locally finite hy(G)- 
T-module structures) on M are in one-to-one correspondence, by switching 
the sides through the inverse on G (resp., the antipode on hy(G)). 

The foUowing is known. 

Theorem 8.1 ([H], Part II, 1.20, p.193). If M is k-projective, the map 
above is a bijection. 

Remark 8.2. Suppose k = Z, and that Gz is semisimple, or equivalently 
[X : ZR] < oo; see [III Part II, 1.6, p.179]. Then it is known that 0{Gz) = 
hy(Gz)°, and every Z-projective, locally finite hy(Gz)-module is necessarily 
a hy(Gz)-rz-module; see [E], [^. 

In the following subsection we will prove a super-analogue of Theorem 18. II 
when k is a PID. 

8.2. Let Gz, ïz be as above. It is known that 0{Gz) is free, and the base 
change {Gz)q is connected. Indeed, {Gz)k is connected for any field K. 

Let k be a PID. Let G = {Gz)k-, T = {Tz)k, the base changes as before. 
Set J = hy(G). Suppose that we are given an admissible dual Harish- 
Chandra pair {J,V) which consists of J = hy(G) and some k-finite free, 
right J-T-module V. By Theorem 18.11 the right J-module structure on V 
arises uniquely from a right G-module structure. Theorem l7.4| gives a unique 
algebraic supergroup G that satisfies (|7.3p . 

Remark 8.3. (1) Suppose k = Z. In Section 19.11 we will show that the 
Chevalley supergroups over Z which were constructed by Fioresi and Gavarini 
[7] and by Gavarini [Ü1[ID] (see also [ü]) are presented by G as above. There- 
fore, their base changes to any PID are as well, since the construction of G 
is compatible with base change. 

(2) Suppose that k is a field of characteristic ^ 2. Then every split and 
connected reductive algebraic group is uniquely (up to isomorphism) of the 
form (Gz)k as above. In view of Corollary 17.51 every algebraic supergroup 
whose associated algebraic group is split and connected reductive is such a 
G as above. 
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Return to the situation that k is a PID in general. We have the quotients 
0(G) -^ 0(0) — )■ 0{T) of affine Hopf superalgebras, and the inclusions 
hy(T) C hy(G) C hy(G) of hyper-superalgebras. 

Let M be a left or right hy(G)-(super)module. We say that M is a hy(G)- 
T-{super) module, if the restricted hy(T)-module structure on M arises from 
some T- module structure on it; this is equivalent to saying that M is a 
hy(G)-T-module, regarded as a hy(G)-module by restriction. A hy(G)-r- 
{super)module is said to be locally finite if it is so as a hy(G)-module. 

Let M be a k-supermodule. Given a left G-supermodule structure, or 
equivalently a right C'(G)-super-comodule structure, on M, the formula 
()7.4p defines a locally finite, left hy(G)-T-supermodule structures on M. 
Thus we have a map from 

• the set of all left G-supermodule structures on M 
to 

• the set of all locally finite, left hy(G)-T-supermodule structures on 
M. 

Recall that the left and the right G-supermodule structures on M are in 
one-to-one correspondence. Note that the left and the right locally finite 
hy(G)-T-supermodule structures on M are in one-to-one correspondence, 
by switching the sides through the antipode on hy(G). 

Theorems 17.61 and 18.11 prove the following. 

Theorem 8.4. If M is k-projective, the map above is a bijection. 

Remark 8.5. (1) In the situation above we obtain the following result 
parallel to Remark 17.71 Given a projective k-module M, there is a natural 
bijection between the set of all right (resp., left) 0(G)-comodule structures 
on M and the set of all locally finite, left (resp., right) hy(G)-r-module 
structures on M. 

(2) Suppose k = Z, and that Gz is semisimple. Then we see from Remark 
18.21 that 0{Gz) = hy(Gz)°, and every Z-projective, locally finite hy(Gz)- 
(super)module is necessarily a hy(Gz)-Tz-(super)module. 

Theorem l8.4l can be reformulated as an isomorphism between the category 
of k-projective, left G-supermodules and the category of k-projective, locally 
finite left hy(G)-T-supermodules. When k is a field of characteristic ^ 2, 
the result is formulated as follows, in view of Remark 18.31 (2). 

CoroUary 8.6. Suppose that Ik is a field of characteristic ^ 2, and let G 
be an algebraic supergroup over k such that Gev is a split and connected 
reductive algebraic group. Choose a split maximal torus T of Gev Then 
there is a natural isomorphism between the category of left G -supermodules 
and the category of locally finite, left h.y{G)-T -supermodules. 

This is known only for some special algebraic supergroups with the prop- 
erty as above; see Brundan and Kleshchev [21 Corollary 5.7], Brundan and 
Kujawa [31 Corollary 3.5], and Shu and Wang [Tïïl Theorem 2.8]. 

9. Chevalley supergroups over Z 
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9.1. We wish to show that as was announced in Remark l8.3l (l). the Cheval- 
ley supergroups, &z, over Z which were constructed by Fioresi and Gavarini 
[7] and by Gavarini [9l |TÜ] (see also [6] ) are presented by such G^ as were 
given at the second paragraph of Section 18.21 

According to the construction by Fioresi and Gavarini, let g be a finite- 
dimensional complex Lie superalgebra of classical type or of Cartan type. 
Choose a Cartan subalgebra i) C Qo, and let Aq (resp., Ai) denote the set of 
all even (resp., odd) roots of g with respect to f). Choose a faithful rational 
representation of g on a finite-dimensional complex super-vector space QJ. 
Fioresi and Gavarini constructed 

Kzis), 5Jz, ©z. 
Here, 

(i) Kz{q) is a Hopf superalgebra Z-form, called a Kostant T^-form, of 

the universal enveloping algebra U{q), 
(ii) 5J2 is a Z-lattice of 23 which is Kz{Q)-stab\e, and 
(iii) &z is an algebraic supergroup, called a ChevaUey supergroup, over 
Z, which is realized as a closed super-subgroup of GL(2Jz)- 

Fioresi and Gavarini defined the important notion of ChevaUey bases, and 
chose such a basis, 

(9.1) Hi, Xa, Xy, 1 < i < A a e Ao, 7 6 Ai, 

where Hi, 1 < i < £, are a C-basis of f). The Kostant Z-form Kz{q) is the 
Z-subalgebra of U{q) generated by all 

X^, 



n n\ 



where n runs over N. By the rationality assumption, 23 decomposes as the 
direct sum 0„g(,. 23^ of weight spaces, so that n{Hi) G Z for all 1 < i < ^ 
whenever ^u is a weight, or 23^ 7^ 0. The weights, regarded as Z-linear forms 
on 0j=iZ//j, generates a Z-lattice, say X, in t)* since the representation 
is faithful; note Aj C X, i = 0, 1, by the same reason. Obviously the dual 
Z-lattice 

X^ = {/i e f) I fi{h) e Z for aU // € X} 

in f) contains all Hi. Note that the representation on 23 is rational with 
respect to X^, or namely fJ.{H) G Z whenever H G X^ and /U is a weight. 

Let us construct a algebraic supergroup, Gz, over Z by our method. 
Later, we will show that it coincides with Fioresi and Gavarini's &z- Let Jz 
be the Z-subalgebra of f/ (go) which is generated by all (^), X^/nl, where 
// S X^, a € Aq, n e N. Since Aq C X, this forms a Hopf algebra over 
Z, and is in fact a Z-form of C/(go)- Note that 23^ is J^-stable. Restrict 
the representation of g to the reductive Lie algebra go. Then the classical 
construction of ChevaUey groups realizes in G'L{^z)ev the split and con- 
nected reductive algebraic group Gz over Z which corresponds to a root 
datum of the form (X, Ao,X^, Aq), and is such that hy(Gz) = Jz- Set 
Vz = X^^gAi ^^7 in 01- Then (Jz, Vi) forms a dual Harish-Chandra pair 
with respect to the right J^-module structure on Vz arising from the right 
adjoint action by go on gi, and the super-bracket [ , ] on g restricted to 
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Vz X Vz- This pair is admissible by Proposition 14.51 since one sees from [TJ 
Section 4.2], [9l Section 3.4] and [M Section 3.1] that X^, 7 G Ai, give a Z- 
free basis of Vz such as required by the assumption (A3) of the proposition. 
Since Ai C X, Vz is a right Jz-T^-niodule, or equivalently a right G^-module 
by Theorem l8.ll Theorem 17.41 gives a unique algebraic supergroup G^ that 
satisfies 

(9.2) C)(Gz) is spht, {Gz)ev = Gz, \iy{Gz) = 'R{Jz,Vz). 

Here is a remark. One sees from the PBW Theorem for U{q) that 
H(Jz,Vz) is canonically embedded into f/(0), and is its Z-form. We re- 
mark that il{Jz,Vi) includes (but does not necessarily equal) Kz{q) since 
Hi e X^ for all 1 < i < ^. 

To show that the Gz just obtained coincides with (Sz, we first see from 
the construction of 0z, comparing it with the classical construction, that 
(Ö5z)eii = Gz, and so hy{{&z)ev) = Jz- As is shown in [3 Theorem 5.35], [9l 
Theorem 5.5] and [TÜl Theorem 4.38], the Lie superalgebra Lie((6z)c) of the 
base change (©z)c of ©z to C equals g, and so hy((Ö2)c) = U{q). It follows 
from Lemma 17.11 that hy(0z) is embedded into U{q) (and is indeed its Z- 
form). We see from [3 Corollary 5.20], [9l Theorem 4.16] and |10^ Corollary 
4.22] that 0{^z) is split, and hy(6z)5 regarded as a left J^-module, is 
(freely) generated by 

X^^...X^^, 7i G Al, 71 < • • • < 7s, s > O, 

with respect to some total order on Ai. Therefore, hy(©2) = il{Jz,Vz), 
which concludes G^ = 6^, as desired. 

9.2. Let G be an algebraic supergroup over Q. Set G = Gev, and assume 
that G is a connected reductive algebraic group over Q with a split maximal 
torus T. We will show that there exists an algebraic supergroup G^ over 
Z, with the same properties as ()9.2p . such that the base change (Gz)q to Q 
equals G. 

Set g = Lie(G). Then we have 

hy(G) = [/(0) = H(J,y), 

where ( J, V) is a (necessarily, admissible) dual Harish-Chandra pair consist- 
ing of J = [/(go), ^ = gi) the right J-module structure on V given by the 
right adjoint action by go on gi, and the super-bracket [ , ] : gi x gi ^- go 
restricted to gi x gi. 

Suppose that the pair {G,T) corresponds to a root datum (X, R,X'^, R"^). 
This root datum gives a connected reductive algebraic group Gz and its 
split maximal torus Tz, such that {Gz)q = G, {Tz)q = T. Set Jz = hy(Gz). 
This is a classical Kostant Z-form of J = f/(go)- We can choose a Q-basis 
vi,...,VnOÏV = Qi, such that Vz := 0"=i Zuj is J^-stable. By replacing 
the basis with mv\^ . . . ,mvn for some integer m 7^ O, we may suppose in 
addition that the super-brackets [fj,Vj] take values in Jz, and all [vj,fi] are 
2-divisible in P{Jz)- In this case, {Jz,Vz) naturally forms a dual Harish- 
Chandra pair which is admissible by Proposition 14. 5[ By the associated 
right J^-module structure, Vz is a right Jz-Tz-module, since the natural 
left hy(Tz)°-comodule structure Vz — > \iyiTz)° ®z Vz on Vz factors through 
0(T)®qV r\\\Y(Tz)° ®zVz = 0{Tz)®zVz; the last equality holds true since 
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hy{Ti)° /0{T-£) is Z-torsion free. By Theorem l7.4l there is a unique algebraic 
supergroup G^ over Z that satisfies ()9.2p . Since H(Jz, V-£) (8>zQ = H(J, y), 
(Gz)q = G, the uniqueness shown in Theorem 17.41 gives (Gz)q = G, as 
desired. 

Note that the Chevalley supergroups are such G^ as above. 
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